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The massive straight segment, rotating around the axis perpendicular to its center, is a simple
alternative for more precise and sophisticated models that take into account the shape and mass
density of natural asteroids. In this article we give numerical results for the families of periodic
orbits that emanate from the five libration points of massive straight segment, and for some
secondary bifurcating families. Possible application and extension of the results to research
on the motion of satellites near small irregular-shaped celestial bodies is also discussed. The
numerical continuation and bifurcation algorithms we use in our study are based on boundary
value techniques, as implemented in AUTO.
Keywords : celestial mechanics; bifurcation analysis; periodic orbits; massive rotating straight
segment; missions to asteroids; libration points; numerical continuation.
1. Introduction
The gravitational interaction of the massive rotating straight segment (MRSS) with a central gravitational
potential was first considered in [Duboshin, 1959]. In the last decade the MRSS with uniform mass density
and its gravitational potential have been studied in many papers [Arribas & Elipe, 2001; Elipe & Lara,
2003, 2004, 2006; Guttie´rrez-Romero, et al., 2004; Lara & Scheeres, 2003; Lara, 2003; Riguas, et al., 1999,
2001] as a simple model of small irregular-shaped celestial bodies. Recently the MRSS with parabolic
mass density distribution has also been proposed as an enhanced model of the gravitational potential of
such bodies [Najid & El Ourabi, 2011, 2012]. Moreover, in [Bartczak & Breiter, 2003] two perpendicular
straight segments are described. Their model approximates more accurately the complex gravitational field
of irregular, nonspherical celestial bodies, such as small moons or minor asteroids. With the MRSS model
and its variations it is relatively easy to calculate periodic orbits of a satellite moving around asteroids
approximated by MRSS’s. Thus it is a simple alternative for more precise and sophisticated models that
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take into account the shape and mass density of natural asteroids. Such more advanced models include
that of the homogeneous rotating gravitating triaxial ellipsoid [Doedel & Romanov, 2012; Hu & Scheeres,
2002; Scheeres, 1994; Scheeres, et al., 1996, 2000]. Basic families of periodic orbits that emanate from the
libration points of the rotating gravitating triaxial ellipsoid, as well as some secondary bifurcating families,
are computed in [Doedel, Romanov, 2012] using boundary value techniques as implemented in the AUTO
software [Doedel & Oldeman, 2011]. The same approach was used in [Doedel et al., 2007; Dichmann, et
al., 2003; Doedel, et al., 2003] to compute periodic orbits in the Circular Restricted 3-Body Problem.
In the current paper we use this approach to determine families of periodic orbits for the MRSS. The
techniques used in [Doedel & Romanov, 2012] can also be generalized to the computation of periodic orbits
for gravitational potentials of natural asteroids and elliptical galaxies [Davoust, 1983, 1986] of irregular
shape and nonhomogeneous mass density. Such work could be of much interest in current research on
asteroid space missions and in astrophysics.
2. Libration Points of the MRSS and their Properties
Suppose we have a finite straight segment along the axis OX of length 2a, massM , and linear mass density
ρ ≡M/(2a) (Fig. 1a). Also suppose that this straight segment rotates uniformly around the OZ axis with
angular rotation velocity ω, together with the frame of reference OXY Z. The gravitational potential of
the segment at any point (X,Y,Z), as given in [Duboshin, 1959; Elipe & Lara, 2003, 2004, 2006; Riguas,
et al., 1999, 2001], is equal to
(a) The MRSS of length 2a and its four libration points
Pi, (i = 1, · · · , 4), in the rotating frame of reference
OXY Z, with angular rotation velocity ω.































(b) Coordinates of the libration points x0 (red) and
y0 (blue) of the MRSS, as functions of its ”rotating-
gravitating” parameter µ.
Fig. 1









(X + a)2 + Y 2 + Z2 + (X + a)√
(X − a)2 + Y 2 + Z2 + (X − a)
) (1)
where G = 6.67 · 10−11 m3s−2kg−1 is the constant of gravity. Let
R1 =
√
(X − a)2 + Y 2 + Z2 (2)
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be the distance from the point (X, Y, Z) to the end of the straight segment, with coordinates X01 = −a,
Y02 = 0, Z02 = 0, and let
R2 =
√
(X + a)2 + Y 2 + Z2 (3)
be the corresponding distance to the other end of the MRSS, with coordinates X02 = a, Y02 = 0, Z02 = 0.
Then the potential (1) can be rewritten as




R1 +R2 + 2a
R1 +R2 − 2a
)
. (4)
In the rotating frame of reference OXY Z the equations of motion of an infinitesimal body in the gravita-
tional field of the MRSS are
X ′′ − 2ωY ′ − ω2X = ∂V
∂X
,












































We introduce normalized coordinates x ≡ X/a, y ≡ Y/a, and z ≡ Z/a, so that the normalized length of
the segment is equal to 2. We can then rewrite the equations of motion (4) as












z′′ = − z 2µ











(x− 1)2 + y2 + z2 , r2 ≡
√
(x+ 1)2 + y2 + z2 . (10)
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Equation (7) yields four libration points [Markeyev, 1978], namely, L1 = (x0, 0, 0), L2 = (0, y0, 0),
L3 = (−x0, 0, 0), and L4 = (0,−y0, 0), where the coordinates x0 and y0 are solutions of the equations
x30 − x0 − µ = 0 ,
y20
√
(1 + y20)− µ = 0 .
(11)
For 0 ≤ µ < +∞ we have from (11) that 1 ≤ x0 < +∞, and 0 ≤ y0 < +∞. Solutions of Eqs. (11) are
shown graphically in Fig. 1b.
The Jacobian of the first-order system corresponding to (7) at the libration points L1 = (x0, 0, 0), and




0 2 0 1 + fxx 0 0
−2 0 0 0 1 + fyy 0
0 0 0 0 0 fzz
1 0 0 0 0 0
0 1 0 0 0 0






2V (x, y, z)
∂x2





2V (x, y, z)
∂y2





2V (x, y, z)
∂z2





It follows that we have two separate equations for the six eigenvalues σ1,2,3,4,5,6 of the Jacobian (12),
namely,
σ2 = fzz , (14)
and
σ4 − (fxx + fyy − 2) σ2 + (1 + fxx + fyy + fxxfyy) = 0 . (15)
Equation (14) has two purely imaginary conjugate roots σ1,2 = ±
√
fzz, because fzz < 0. Correspond-
ingly one family of periodic orbits emanates from each of the libration points P1 and P3. The eigenvectors
of the Jacobian corresponding to these two eigenvalues are
e1 = (0, 0,
√
fzz, 0, 0, 1)
T , e2 = (0, 0,−
√
fzz, 0, 0, 1)
T . (16)
The corresponding orbit families are vertical, which is consistent with the fact that e1 and e2 have non-zero
z-coordinate and non-zero z-velocity component (z = ±√fzz, z′ = 1), whereas the other components are
zero.








so that we have two real and two purely imaginary conjugate values of σ, because the right hand side of the
first equation in (17) is positive and for the second equation it is negative. The corresponding eigenvectors
lie in the Oxy-plane and are given by
e3 = (e˜1x, e˜1y , 0, e1x, 1, 0)
T , e4 = (e˜1x,−e˜1y, 0,−e1x, 1, 0)T ,
e5 = (e˜2x, e˜2y , 0, e2x, 1, 0)
T , e6 = (e˜2x,−e˜2y, 0,−e2x, 1, 0)T .
(18)
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The non-zero coordinates of the eigenvectors e˜ix, e˜iy, eix, and eiy (i = 1, 2) are real and can be expressed
in terms of x0 or µ (Eqs. (17) and (11)). Correspondingly we have a bifurcating family of planar periodic
orbits. It also follows that the libration points P1 and P3 are saddle points.
For the libration points P2 = (0, y0, 0) and P4 = (0, y0, 0) the corresponding equations for the eigen-
values ρ1,2,3,4,5,6 of the Jacobian are
ρ2 = gzz , (19)
and
ρ4 − (gxx + gyy − 2) ρ2 + (1 + gxx + gyy + gxxgyy) = 0 . (20)
where
gxx ≡ ∂
2V (x, y, z)
∂x2





2V (x, y, z)
∂y2





2V (x, y, z)
∂z2
|(x=0, y=±y0, z=0) = −1 .
(21)
Equation (19) has two purely imaginary conjugate roots σ1,2 = ±i, giving rise to one vertical family of
periodic orbits emanating from each of P2 and P4. Equation (20) has two pairs of complex conjugate




2 ≈ 3.264483765, or equivalently for
0 ≤ µ ≤ 18 + 13√2 ≈ 36.38477631. This means that for such µ values no periodic orbit families emanate
from the libration points P2 and P4, and that these points are linearly unstable. If µ & 36.38477631 then
Eq. (20) has two pairs of purely imaginary roots. In this case there are two planar periodic orbit families
that emanate from each of P2 and P4, and these points are centers.
In summary we have found that
1) for any value of µ the libration points P1 and P3 are saddles, and from each of these emanate two
periodic orbit families (one planar and one vertical),
while for the libration points P2 and P4 we have two cases:
2a) for 0 ≤ µ . 36.38477631 one (vertical) periodic orbit family emanates from each of P2 and P4; these
points are unstable foci;
2b) for µ & 36.38477631 three periodic orbit families (two planar and one vertical) emanate from each of
P2 and P4; these points are centers.
The linear and nonlinear stability of the libration points of the MRSS is studied in detail in [Riaguas, et
al., 2001].
3. Elemental Periodic Orbits of the MRSS with µ . 36.38
In this section we present primary periodic orbit families that emanate directly from the libration points,
and also some secondary orbit families bifurcating from the primary families. All orbit families are calcu-
lated for two representative values of the parameter µ, namely, µ = 1.0 and µ = 30.0. From the conclusion
of Section 2 we know that for each of these two values of µ, two orbit families emanate from each of P1
and P3, and one orbit family emanates from each of P2 and P4, as shown in the schematic bifurcation
diagrams in Fig. 2. Secondary orbit families that bifurcate from the primary families are also indicated in
this bifurcation diagram.
Each point on a line in the bifurcation diagram in Fig. 2 (and later also in Fig. 8) represents a periodic
orbit with its associated period. Along the families of periodic solutions there are various branch points.
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Table 1: Abbreviations used for orbit families and branch points. Note that not all of these items need to
be present for specific values of the parameter µ.
Symbol Definition Example
Pi The libration points (i = 1, · · · , 4) Fig. 2a
Aij The i th Axial family connecting Li and Vi Fig. 3e
(i = 1, · · · , 4; j = 1,2)
Dij The j th non-planar orbit family bifurcating from Vi Fig. 3f
E0 The non-planar orbit family connecting L1 and L3 Fig. 3d
Li The planar Lyapunov family that emanates from Pi Fig. 3a
(i = 1, · · · , 4)
R0 The planar family connecting the families Li (i= 1, · · · , 4) Fig. 9f
S2/S4 The planar families that emanate from P2/P4 Fig. 9e
T2/T4 The planar families that bifurcate from L0 and terminate Fig. 7a
in a homoclinic connection with P2/P4.
Vi The Vertical family that emanates from Pi (i = 1, · · · , 4) Fig. 3b
Lij Branch point j along the family Li Fig. 2a
Vij Branch point j along the family Vi Fig. 2a
(a) 3D bifurcation diagram for the MRSS with µ = 1. (b) 3D bifurcation diagram for the MRSS with µ = 30.
Fig. 2: 3D bifurcation diagrams. The red cubes with black labels denote libration points. The color lines
with correspondingly colored labels represent orbit families. The gray spheres with black labels indicate
branch points. A detailed description of orbit families drawn as dashed lines is not included in this paper.
Arrows indicate homoclinic orbits.
In this paper we use the term branch point to denote transcritical and pitchfork bifurcations, thereby ex-
cluding period-doubling, torus, and subharmonic bifurcations. At a branch point, distinct periodic solution
families intersect, with identical orbit and identical minimal period at the point of intersection. Apart
from some special cases, we do not present results for solution families that bifurcate from period-doubling
and subharmonic bifurcations. However, the solution structure that we present here can be viewed as a
”skeleton” from which many other solutions may be reached [Doedel et al., 2007]. Families that exist, but
for which we do not present details, are drawn as dashed lines. The notation used to denote orbit families
and branch points is summarized in Table 1.
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Due to symmetry, the libration points P1 and P3 give rise to symmetry-related families of periodic
orbits, and similarly for P2 and P4. For this reason we only describe the families that emanate from P1 and
P2. In all diagrams that show actual orbits, e.g., Figs. 3a-3f, stable orbits are blue, unstable orbits red,
and orbits that correspond to branch points are green. Branch points are represented by gray spheres in
the bifurcation diagrams. The small magenta cubes represent the libration points: P1, and P3 on the Ox
axis, and P2, and P4 on the Oy axis. The straight segment is displayed as a cylinder of color cyan. Figures
such as 3a-3f, etc., show several orbits drawn together. Individual orbits are closed curves (planar or 3D),
possibly containing loops.
The local stability of a periodic orbit can be analyzed using Floquet theory; in the current context see,
for example, [Celetti, 2010]. Suppose X(t) is a periodic solution of period T of the general n-dimensional
problem X′(t) = F(X(t), λ), where λ is a scalar parameter. Introduce the matrix Φ(T, λ), as the solution




Φ , Φ(0, λ) = I , (22)
where I is the identity matrix. The matrix Φ(T, λ) has n eigenvalues: ν1, · · · , νn, called Floquet multipliers.
Due to translation invariance and the fact that the equations are conservative, two multipliers equal unity,
say, ν1 = 1, ν2 = 1. The remaining n − 2 eigenvalues determine the stability: we will call the periodic
solution X (t) ”stable” if | νj |≤ 1 for j = 1, · · · , n, and unstable if | νj |> 1 for some j. Thus in our
numerical results, we call an periodic orbit (linearly) stable if all Floquet multipliers are on or inside the
unit circle. In AUTO the Floquet multipliers are determined at neglible computational cost as part of the
boundary value solution procedure for computing a periodic orbit.
3.1. The case µ = 1.0
The bifurcation diagram for µ = 1.0 is shown in Fig. 2a. Two orbit families emanate from each libration
point P1 and P3, namely, the planar Lyapunov orbit family L1/L3 for which Fig. 3a shows representative
orbits, and the non-planar Vertical orbit family V1/V3 (Fig. 3b). Only one non-planar family of periodic
orbits emanates from each of the libration points P2 and P4, namely, the Vertical orbits V2/V4, for which
representative orbits are shown in Fig. 3c. Below we discuss these primary families and some secondary
families in more detail.
3.1.1. The Lyapunov orbit family L1
As seen in Fig. 2a, the first branch point L11 encountered along the Lyapunov orbit family L1 leads to the
non-planar orbit family E0 (Fig. 3d), which connects L1 to its symmetry partner, the Lyapunov family L3.
The second branch point L12 along L1 leads to the Axial orbit family A11 (Fig. 3e), which connects L1
to V1. The Lyapunov family L1 itself terminates in a symmetric heteroclinic cycle that approaches each
of the libration points P2 and P4 as its period tends to infinity. There are further branch points along L1
as it approaches the terminating heteroclinic cycle that are not indicated in Fig. 2a, but that do appear as
unlabeled green orbits in Fig. 3a. The families that emanate from these additional branch points appear to
lead to asymmetric cycles heteroclinic to P2 and P4. A discussion of similar connections is given in [Doedel
et al., 2007]. The orbit families L1 and A11 are unstable, while E0 contains stable portions (Fig. 3d). The
orbit family E0 contains branch points, whose emanating families we have not investigated in detail.
3.1.2. The Vertical orbit family V1
The Vertical orbit family V1 (Fig. 3b) is completely unstable and has three branch points V11 - V13 where
V1 connects to: (i) the non-planar Axial orbit family A11, which in turn connects to the Lyapunov orbit
family L1; (ii) the non-planar orbit family D11 (Fig. 3f); (iii) the other Vertical orbit families, namely,
V2 (Fig. 3c), V3, and V4. The orbit family D11 terminates in collision orbits, i.e., orbits for which the
velocity components tend to infinity at some point along the orbit. The detailed structure of such orbit
family needs further investigation.
January 24, 2013 17:16 paper
8 V. Romanov & E. Doedel
(a) The planar Lyapunov orbit family L1 that
emanates from the libration point P1; µ = 1.0.
(b) The Vertical orbit family V1 that emanates
from the libration point P1; µ = 1.0.
(c) The Vertical orbit family V2 that emanates
from the libration point P2; µ = 1.0.
(d) The non-planar orbit family E0 that bifur-
cates from the Lyapunov orbit family L1 and con-
nects to the family L3; µ = 1.0.
(e) The Axial orbit family A11 that forms a con-
nection between the Lyapunov orbit family L1
and the Vertical orbit family V1; µ = 1.0.
(f) The orbit family D11 that bifurcates from
the Vertical orbit family V1; µ = 1.0.
Fig. 3
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3.1.3. The Vertical orbit family V2
This orbit family has three branch points V21, V22, and V13 where V2 connects to: (i) the non-planar
orbit family D21 (Fig. 4a); (ii) the non-planar orbit family D22 (Fig. 4b); (iii) the other Vertical orbit
families, namely, V1 (Fig. 3b), V3, and V4. The orbit family V2 is stable between the second and the
third branch point. The orbit families D21 and D22 terminate in collision orbits; the detailed structure
of these orbit families requires further investigation.
3.2. The case µ = 30.0
The bifurcation diagram for µ = 30 is shown in Fig. 2b. As for the case µ = 1 there are two primary orbit
families that emanate from each of the libration points P1 and P3 (a Lyapunov family L1/L3 and a Vertical
family V1/V3). Also similar to the case µ = 1, only one primary orbit family, namely V2/V4, emanates
from each of the libration points P2 and P4. However, new secondary orbit families can be reached via
bifurcations from L1/L3, namely R0 and T2/T4, making the bifurcation diagram differ from the diagram
for µ = 1.
(a) The orbit family D21 that bifurcates from
the Vertical orbit family V2 and terminates in a
collision orbit; µ = 1.0.
(b) The orbit family D22 that bifurcates from
the Vertical orbit familyV2 and terminates in a
collision orbit; µ = 1.0.
Fig. 4
3.2.1. The Lyapunov orbit family L1
The topological structure of the planar orbit families (i.e., families whose orbits lie in the xy-plane) in
the bifurcation diagram in Fig. 2b differs from the case µ = 1.0 in that the Lyapunov orbit family L1
(Fig. 6a) has an additional branch point L13, connecting it to a planar orbit family R0 (Fig. 6b), which in
turn connects to a planar orbit family T4 (Figs. 7a, 7b). Furthermore, the family R0 connects L1 to its
symmetry partner L3. In this case the Lyapunov orbit family L1 does not terminate in an infinite period
orbit. However, infinite period connections to P2 and P4 can be reached via R0 and T2/T4. We note
that L1 has a small region of stable orbits that pass through a vicinity of the libration points P2 and P4
(Fig. 6a), and that most of the orbits along R0 are stable. The families T2 and T4 also contain regions
of stable orbits (Figs. 7a, 7b).
3.2.2. The Vertical orbit families V1 and V2
The non-planar Vertical orbit families V1, V2, V3, V4 in Fig. 2b, and their bifurcating families E0, A11,
A33, D11, D21, D22, etc., are similar to the previous case of µ = 1.0 (Fig. 2a, and Fig. 3b - Fig. 4b). Most
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Fig. 5: Some planar and non-planar orbit families bifurcating from the Lyapunov orbit family L1 (µ = 1.0).
(a) The planar Lyapunov orbit family L1 that
emanates from the libration point P1; µ = 30.0.
(b) The planar orbit family R0 that connects the
Lyapunov orbit families L1 and L3; µ = 30.0.
Fig. 6
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(a) The inner part of the planar orbit family T4
that bifurcates from R0; µ = 30.0.
(b) The outer part of the planar orbit family T4;
µ = 30.0.
Fig. 7
orbits along V1 and along the families bifurcating from it are unstable, although some of these families
contain stable parts. The orbit family V2 contains a region of stable orbits between the second and the
third bifurcation point.
4. Elemental Periodic Orbits of the MRSS with µ > 36.38
The bifurcation diagram for this case, given in Fig. 8, is topologically the same for all µ & 36.38. As for
the cases µ = 1.0 and µ = 30.0, there are two orbit families that emanate from each of the libration points
P1 and P3: one Lyapunov family L1/L3 (Fig. 9a), and one Vertical family V1/V3 (Fig. 9b). However, for
each libration point P2 and P4 there are now three bifurcating families: a Vertical family V2/V4 (Fig. 9d),
and two planar families, namely the Lyapunov orbit family L2/L4 (Fig. 9c) and the short-period orbit
family S2/S4 (Fig. 9e).
Fig. 8: 3D bifurcation diagram for the MRSS with µ = 50.0.
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(a) The planar Lyapunov orbit family L1 that
emanates from the libration point P1; µ = 50.0.
(b) The Vertical orbit family V1 that emanates
from the libration point P1; µ = 50.0.
(c) The planar Lyapunov orbit family L2 that
emanates from the libration point P2; µ = 50.0.
(d) The Vertical orbit family V2 that emanates
from the libration point P2; µ = 50.0.
(e) The planar orbit family S2 that emanates
from the libration point P2; µ = 50.0.
(f) The planar orbit family R0 that connects
the Lyapunov orbit families L1, L2, L3, and
L4; µ = 50.0.
Fig. 9
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4.1.1. The Lyapunov orbit family L2
The bifurcation diagram in Fig. 8 has significant changes compared to the case µ < 36.38. The planar
Lyapunov orbit family L2 (Fig. 9c) that emanates from P2 contains branch points, as does its symmetry
partner L4. The first two of these, L21 and L22, connect L2: (i) through a period-doubling bifurcation to
the short-period planar orbit family S2 that also emanates from P2; (ii) to the planar orbit family R0
(Fig. 9f) which interconnects all four Lyapunov orbit families L1 - L4, as in the case µ = 30.0. There are
no connections between L2 and V2 via an Axial orbit family, such as the family A22 in the case µ = 30.0.
The orbit family L2 has additional branch points not shown in Fig. 8, which connect L2 to other planar
and non-planar orbit families (Fig. 10). A more detailed structure of the orbit family L2 merits further
investigation.
4.1.2. The short-period planar orbit family S2
The short-period planar family S2 (Fig. 9e) and its symmetry partner S4 have one branch point L21,
connecting S2 to the Lyapunov family L2 through a period-doubling bifurcation. Generally, the periods
of the S2/S4 orbits are about one-half the periods of the Lyapunov orbits L2/L4.
4.1.3. The Vertical orbit families V1 and V2
The bifurcation diagram in Fig. 8 shows that its non-planar part, i.e., orbit families V1, V2, V3, V4
(Fig. 9b, Fig. 9d), and orbit families bifurcating from them, namely, E0, A11, A33, D11, D21, D22,
etc.), are similar to the previous case (Fig. 2). For example, the orbit family V2 here also has two regions
of stable orbits (Fig. 9d).
Fig. 10: Some planar and non-planar families bifurcating from the Lyapunov orbit family L2; µ = 50.0.
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5. Discussion
The topological structure of the bifurcation diagram of the MRSS is complex, as is the structure of the
bifurcation diagram of the Rotating Gravitating Triaxial Ellipsoid [Doedel & Romanov, 2012]. A diverse
set of primary orbit families emanate from the libration points of the MRSS, and a wealth of secondary and
tertiary orbit families can be reached via the primary families. Although the detailed structure of some
of these families merits further investigation, our present results clarify the structure of the basic orbit
families. Apart from its theoretical interest, a good reason for studying a simple model like the MRSS is
that provides a first approximation to irregularly shaped celestial bodies, including many small asteroids
and planetary satellites ([Doedel & Romanov, 2012]). While the Rotating Gravitating Triaxial Ellipsoid
approximation [Doedel & Romanov, 2012] may be more suitable for many such cases, it does require much
more computer time. Thus the MRSS serves as a coarse model for the determination of periodic orbit
families associated with small celestial bodies.
The results presented here and in [Doedel & Romanov, 2012; Doedel et al., 2007] may also be a starting
point for similar studies of more realistic models of asteroids and other small celestial bodies [Britt et al.,
2002; Cellino et al., 1989; Mitchell et al., 1998; Miller et al., 2002; Project Galileo, 2006; Thomas et al., 1997,
1997a; Zuber et al., 2000]. In this context, the computation of stable and unstable manifolds of periodic
orbits, as done using continuation techniques in [Calleja, Doedel, Humphries et al., 2012], could prove
useful in the design of inexpensive orbit transfers. Results could be useful for asteroid mining missions, a
far-reaching goal to mine large amounts of rare, precious elements that can be found on small asteroids
close to the Earth, of which there are at least seven thousand [Blair, 2000; Gerlach, 2005].
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